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Abstract
We present experimental and numerical evidence of a multi-frequency phase control able to preserve periodic behavior
within a chaotic window as well as to re-excite chaotic behavior when it is destroyed by the presence of a mitigating unstable
periodic orbit created in the presence of the multi-frequency drive. The mitigating saddle controlling the global behavior is
identified and the controlling manifolds approximated.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Control of chaos represents one of the most interesting and stimulating ideas in the field of nonlinear
dynamics [1]. The original basic idea is to stabilize the
dynamics over one of the different unstable periodic
orbits visited during the chaotic motion by applying
small perturbations to the system [2]. Alternatively,
one may wish to sustain chaos in certain situations
where chaos is destroyed [3,4]. Both stabilizing unstable orbits and sustaining chaos by exciting unstable chaotic orbits may be considered as intervention
techniques to control the dynamical flow.
∗
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Different methods for controlling chaos have been
proposed based on determination of the stable and unstable manifolds on the Poincaré section [2,5–7], on
a self-controlling feedback procedure [8] and on the
introduction of open loop small perturbations [9–16].
On the other hand, chaos can be a desirable behavior in biological [4], mechanical [17], electrical [18]
and optical systems [19]. In mechanics, small amplitude chaos, where the energy is spread over several
modes, may be preferable to high amplitude resonant
behavior [20,21]. In such situations, the chaotic attracting window may be quite small, and sustained
chaos techniques are therefore required.
Once a chaotic regime appears, it typically and
dramatically disappears as a result of a crisis, which
is an abrupt change from chaos to periodic behavior
at a critical parameter value of the system [22]. The
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crisis typically occurs when the chaotic attractor collides with the stable manifold of an unstable periodic
orbit, this stable manifold being, at the same time, the
basin boundary of the chaotic attractor [23,24]. Such
a saddle is called a basin saddle since it lies on the
basin boundary of the attractor and regions around
such a saddle form escape regions for the chaotic trajectories resulting in non-chaotic behavior. Previous
techniques for sustaining chaos have been designed
around a feedback control mechanism in which a parameter or state variable was used to maintain chaos
by re-injecting the dynamics into a region containing a
chaotic saddle from a basin containing periodic attractors [4,17,18,25–27]. In contrast, the global topology
of the basin boundary saddle manifold structure may
be used to design parameter control algorithms for
sustaining chaos in parameter regimes where a crisis
occurs [3,28]. Chaos is sustained by adjusting a system parameter discretely based on measuring a time
series obtained from the system, and using embedding methods to reconstruct the dynamics in a phase
space [3].
Closed loop control techniques have been demonstrated in fast electronic oscillators and in principle
applicable in optical systems with latency time below 1 ns [29]. However for controlling and sustaining
chaos in systems such as those having fast time scales
open loop methods are desirable for two primary reasons: (1) Open loop control methods have no feedback
time scale with which to compete. (2) Many nonlinear
optical systems now are sufficiently modeled so that
there exists excellent quantitative agreement between
theory and experiment.
In the present paper we take an open loop approach
to control and sustaining chaos. Let us first consider
the latter aspect. The approach still excites chaos, but
it is an open-loop procedure that can be designed so
that stable chaotic regions may be achieved in places
where these were not stable previously. The procedure
starts with a periodically driven system at a primary
frequency having a drive amplitude as an adjustable
parameter. The drive amplitude is tuned so that the
system operates in a crisis regime. Introduction of
additional subharmonics may be expected to change
local bifurcations, as well as global bifurcations. It is
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well known that additive subharmonic perturbations
shift period doubling points in a cascade to chaos
[30]. However, it may also change the nature of the
bifurcation, where flip bifurcations become imperfect bifurcations containing multiple stability and
new saddle-node points. Since the manifolds controlling the global behavior are typically connected to
regular saddles arising from such limit point bifurcations, it is expected that global bifurcations such
as crises will be changed when introducing resonant
subharmonics.
The adopted strategy in our modulated laser is to
consider an amplitude modulation at half of the driving frequency. We notice that the used perturbation is
equivalent to applying an additive perturbation with
components at ν/2 and 3ν/2. In addition, a phase
difference between the amplitude modulation and primary frequency is considered as an extra parameter.
The relevance of such a parameter in the framework
of control of chaos has been demonstrated in experimental [13,16,31,32] and numerical works [14]. The
addition of the amplitude modulation allows global
manifold control at low energies in fast time scale
systems. Moreover, it is easily implemented in a large
class of experiments that are forced by an external
drive frequency.
The advantage of our method is that we can initiate
regular (controlled) periodic behavior or sustained
chaos without any knowledge of a crisis in a chaotic
attractor.

2. Experimental apparatus and measurements
The experimental apparatus is shown in Fig. 1.
It consists in a single mode CO2 laser with an
intra-cavity acousto-optic modulator (AOM) allowing
modulation of the cavity losses. The optical cavity is
1.30 m long and the total transmission coefficient T
is 0.10 for a single pass. The intensity decay rate k(t)
can be expressed as follows:
k(t) = k[1 + α sin 2 (B0 (1 + f(t)))],

(1)

where k = cT/L, c is the speed of light in a vacuum,
L the cavity length, α = (1 − 2T)/2T , B0 is a bias
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Fig. 1. Experimental apparatus used to perform our measurements. AOM: acousto-optic modulator; BS: beam splitter; PM: power meter;
PD: photodetector; TG: trigger generator; ADC: analog to digital converter; PC: personal computer.

and f(t) is the modulation signal,
fmod (t) = β sin (2πνt),

(2)

where ν = 100 kHz and β is the modulation amplitude. It is well known that by increasing the amplitude modulation, the system undergoes a sequence
of subharmonic bifurcation leading to chaos. A programmable arbitrary function generator (FG) allow
us to linearly scan the whole range of β by generating
the function (2) where β is a saw tooth which goes
from 0 to 1 V in 200 ms. In this configuration we do
not consider hysteresis effects related to the scan in
the opposite direction.
In Fig. 2 the bifurcation diagram is shown, where
we plot a stroboscopic record of the intensity versus
the amplitude modulation. The sampling period is 1/ν

Fig. 2. Experimental bifurcation diagram of the laser intensity
as a function of the amplitude modulation β. The first chaotic
window is reached through a sequence of subharmonic bifurcations
occurring at β  150 mV, the second one at β  320 mV. We note
the interior crisis at β  570 mV.

and the scanning time is 200 ms. From the bifurcation
diagram we observe the presence of a first chaotic
region (“chaos 1”) reached after a sequence of subharmonic bifurcations. When the control parameter β is
increased up to β  570 mV we observe the presence
of an interior crisis leading to a sudden expansion
of the attractor. We denote such a region as “chaos
2”. The “chaos 2” window is sudden destroyed by a
boundary crisis at β  900 mV.
Control and sustaining chaos are obtained by slight
modulation of the modulation amplitude β. Such a
perturbation consists of a sinusoidal signal at ν/2
with amplitude δ and an adjustable phase offset ϕ
with respect to the fundamental signal fmod (t); then
the modulation signal becomes:
fmod (t) = β[1 + fpert (t)] sin (2πνt),
 ν

fpert (t) = δ sin 2π t + ϕ .
(3)
2
The advantage of the subharmonic control approach
is that it is easy to implement in many time forced
experiments, regardless of time scales.
In Fig. 3, we report the perturbed bifurcation diagram as a function of β for three different values
of ϕ and for a fixed perturbation amplitude δ of 5%.
Around β = 500 mV, the perturbation stabilizes the
period-2 orbit visited in the “chaos 1” regime. We
note that this control effect is greater for ϕ = π/2.
We also note a sustaining chaos effect at the end of
the bifurcation diagram, where region “chaos 2” was
destroyed by a boundary crisis. The applied perturbation is able to re-excite this attractor, with the result
that small parameter perturbations at 1/2 the drive
frequency have a global effect.
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Fig. 3. Experimental perturbed bifurcation diagrams of the intensity
laser as a function of modulation amplitude β for different values of
the phase ϕ. We can see the controlled periodic orbit for β around
500 mV and the sustained chaos at the end of the bifurcation
diagrams.

In Fig. 4, we report stroboscopic recordings of the
intensity as a function of the phase at a fixed value
of amplitude modulation β. These phase control diagrams refer to three amplitude values β corresponding
to the first “chaos 1” window (β = 530 mV), to the
“chaos 2” window (β = 730 mV) and to the second “chaos 1” window (β = 940 mV), respectively.
We note that there are some ϕ values for which we
have chaos control (β = 530 mV, ϕ ∈ [0, 0.15π]
and [0.4π, 0.55π], β = 730 mV, ϕ ∈ [0, 0.05] and
[0.3π, 0.35π], β = 940 mV, ϕ ∈ [0, 0.05π]) and other
for which we have sustaining chaos (β = 530 mV,
ϕ ∈ [0.55π, 0.95π], β = 940 mV, ϕ ∈ [0.1π, π]).
Fig. 4a shows that, although the period-2 regime is
the most easier to stabilize, there are values for the
phase ϕ where period-4 orbit is also stabilized.
Although not all orbits embedded in the chaotic
attractor are stabilized, we can, in principle, stabilize
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Fig. 4. Experimental phase control diagrams of the intensity laser
as a function of the phase ϕ. Modulation amplitude is chosen: (a)
in the first “chaos 1” window; (b) in “chaos 2” window; (c) in the
second “chaos 2” window (compare with Fig. 2). The relevance of
the phase term to sustain or control chaos is evident. The origin
of the horizontal axis (phase) is arbitrary because the trigger is
not locked with the origin of the saw tooth.

other periods by adding other subharmonics. However, for the purposes of control presented here, the
goal is to be able to sustain chaos or stabilize regular
periodic behavior.
Notice that as the modulation amplitude changes,
so does the region over which chaos is excited. Since
the phase changes the observed behavior between
regular and chaotic behavior for each chosen amplitude, it plays a prominent role in determining control
or sustained chaos.
In Fig. 5, we compare the unperturbed “chaos 2”
Poincaré section (Fig. 5a) with one perturbed (Fig. 5b).
Similarity between the projected phase space portraits
suggests that our method re-excites the chaotic saddle
corresponding to the original pre-crisis saddle.
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Fig. 5. Poincaré sections of the “chaos 2” regime: (a) in the unperturbed case β = 730 mV; (b) in the perturbed case with β = 530 mV
and ϕ = 0.8π. The similarities between the two sections suggests that we are exciting the same chaotic attractor.

3. Numerical analysis on a CO2 laser model
The model we use in our simulations is a four-level
model (4LM) which consists of five differential equations for the intensity I, the populations of the upper
and lower lasing states N2 and N1 , and the global populations M2 and M1 of the two manifolds of rotational
levels which are coupled by collisions with N2 and
N1 , respectively:
İ = −k(t)I + G(N2 − N1 )I,
Ṅ2 = −(zγR +γ2 )N2 − G(N2 −N1 )I + γR M2 +γ2 P,
Ṅ1 = −(zγR + γ1 )N1 + G(N2 − N1 )I + γR M1 ,

Ṁ2 = −(γR + γ2 )M2 + zγR N2 + zγ2 P,
Ṁ1 = −(γR + γ1 )M1 + zγR N1 ,

where γR = 7.0 × 105 Hz is the relaxation rate between the lasing states and the associated rotational
manifolds (the enhancement factor z = 10 represents
the number of sublevels considered in each manifold),
and γ2 = 1.0 × 104 Hz and γ1 = 8.0 × 104 Hz are
the relaxation rates of the vibrational states. Moreover, G = 6.2 × 10−8 Hz is the field–matter coupling
constant, while the non-dimensional parameter P =
5.16 × 1014 represents the pump. We have re-scaled
the model by introducing new non-dimensional
variables:

Table 1
x1 =
x2 =
x3 =
x4 =
x5 =

G
k
G
k
G
k
G
k
G
k

·I
· (N2 − N1 )
· (N2 + N1 )
· (M2 − M1 )
· (M2 + M1 )

α=4
B0 = 0.2
β = [0, 1]

k
= 32.97
γR
γ1 + γ2 + 2zγR
Γ1 =
= 10.0643
2γR
γ1 + γ2 + 2γR
Γ2 =
= 1.0643
2γR
γ 1 − γ2
= 0.05
γ=
2γR
γ2 PG
P6 =
= 0.016
kγR
k(t)
= k0 [1 + α sin 2 (B0 (1 + f(t)))]
k1 (τ) =
γR

k0 =

f(t) = β sin (ωτ)
2πν
ω=
= 0.89759
γR

(4)
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ẋ1 = −k1 (τ)x1 + k0 x1 x2 ,
ẋ2 = −Γ1 x2 − 2k0 x1 x2 + γx3 + x4 + P6 ,
ẋ3 = −Γ1 x3 + γx2 + x5 + P6 ,
ẋ4 = −Γ2 x4 + zx2 + γx5 + zP6 ,
ẋ5 = −Γ2 x5 + zx3 + γx4 + zP6 ,

Fig. 6. Numerical bifurcation diagram of the intensity laser form
Eq. (3) as a function of the modulation amplitude β.

Fig. 7. Numerical perturbed bifurcation diagrams of the laser
intensity as a function of amplitude modulation β. (a) ϕ = 0.2; (b)
ϕ = 0.7π; (c) ϕ = 1.2π. The correspondence with the experimental
results shown in Fig. 3 is clear. We note that there is a slight
phase shift between experiment and numerical analysis.

(5)

where τ = γR ·t is the re-scaled time and new variables
and constants are given in Table 1.
Using this re-scaled model we reproduce the experimental bifurcation measurements with a good degree
of accuracy. We have performed simulations modulating the losses with a signal according with Eq. (3)
assuming a bias value B0 = 0.2. The agreement of
the model with the experiment can be inferred from
Fig. 6, showing the unperturbed bifurcation diagram,
and from Fig. 7 where we report three perturbed

Fig. 8. Numerical perturbed bifurcation diagrams of the intensity
laser as a function of the phase ϕ. Modulation amplitude is chosen:
(a) in the first “chaos 1” window; (b) in “chaos 2” window; (c)
in the second “chaos 2” window as in the experiment (compare
with Fig. 6).
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bifurcation diagrams. In Fig. 8, we report other numerical results corresponding to the experimental measurements shown in Fig. 1. The comparisons show that
the agreement between theory and experiment is excellent. Moreover, since the bifurcation diagrams agree
on large parameter scales, the agreement is global.

4. Manifold control in the subharmonic laser
The reconstruction of the topology of the basin
boundary saddle manifold structure is more easily performed by using a suitable reduction of the
five-dimensional model of Eq. (5). We perform such
a reduction by approximating to the same value
((γ1 + γ2 )/2) the two relaxation rates γ1 and γ2 in
Eq. (4). This implies in Eq. (5) γ = 0 and the same
values for Γ1 and Γ2 .
The relevant variables are x1 , the population level
difference, x2 , and the rotational level difference, x4 .
In this reduction procedure, a crucial role is played by
the pump parameter Pinf which has been readjusted
in order to provide the same steady state value of the
laser intensity x1 . The main features of the full model
are retained by the following reduced 3D model:
ẏ1 = k0 (y2 − 1 − α sin 2 (fmod + B0 )),
ẏ2 = −Γ1 y2 − 2k0 ey1 y2 + y3 + Pinf ,

Fig. 9. Bifurcation diagram of the intensity as a function of modulation amplitude, Amod using Eq. (6). No subharmonic forcing
was applied.

Notice the four windows where large amplitude chaos
changes to a low-order stable periodic orbit. Fig. 10
also predicts this change by an absence of a positive Lyapunov exponent. The generic crisis bifurcation
from chaos to periodic behavior is caused by the creation of a saddle-node pair of periodic orbits of period
one when time is normalized to 4π/ω. (There also exists a very small, four-piece chaotic attractor, which is
long lived for these parameters that is not observed in
the experiment and does not seem to play a significant
role in the dynamics.) There are two transient time
scales in the convergence to the periodic attractor. The
first is convergence from the immediate basin, which

ẏ3 = −Γ2 y3 + zy2 + zPinf ,
fmod = Amod (1 + fpert ) sin (ωt),
 ωt

fpert = Apert sin
+φ
2

(6)

with the parameter Pinf = 0.0815. Notice the similarity of the bifurcation diagram in Fig. 9 to that of Fig. 2
from the experiment and Fig. 6 and the model.
By using the subharmonic amplitude modulation it
is possible to control the chaotic behavior by acting on
the relative phase φ [33]. As an example, we compute
the maximal Lyapunov exponent for Amod = 0.1 as
a function of subharmonic amplitude Apert and phase
φ to show the effect of the applied perturbation. The
results are depicted in Fig. 10.
For Apert = 0.05, Fig. 11 shows the bifurcation diagram as a function of the phase φ in phase space.

Fig. 10. Maximal Lyapunov exponent of the 3D model as a function
of the subharmonic modulation amplitude, Apert and phase, φ
using Eq. (6) with Amod = 0.1. Asterisks denote parameters which
generate a positive exponent for some random initial condition.
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Fig. 11. Control phase diagrams for Amod = 0.1 and Apert = 0.05.

is bounded by the two-dimensional stable manifold of
the associated period one saddle. The other is a slower
convergence after a significant chaotic transient, along
the chaotic saddle left by the chaotic attractor from
before the bifurcation.
Notice that in the interval 1.6 < φ < 2.3, after the
bifurcation from large amplitude chaos to a stable period one orbit, the stable periodic orbit goes through
a period doubling cascade to small amplitude chaotic
dynamics. At the end of the window, there is another
bifurcation back to large amplitude chaos. This bifurcation is caused by a crisis, when the small amplitude
chaotic attractor intersects the stable manifold of the
period one saddle from the original saddle node bifurcation that created the window. The two-dimensional
version of this bifurcation was reported in [33]. In
Fig. 12, we plot the relevant period one saddle at
(y1 , y2 , y3 ) = (−5.5657, 1.1588, 11.8413) and its
stable manifolds for φ = 2.28, just prior to the onset
of the large amplitude chaotic attractor. It is the outer
shell of the union of the stable manifolds, represented
by the small black points which lie on two-dimensional
folded sheets. Overlaid in large black points is a sample small amplitude chaotic trajectory. This set is embedded in one of the unstable manifolds of the saddle.
As φ increases, the chaotic set intersects the stable
manifold of the period one saddle, similar to a homoclinic bifurcation since the attractor is contained in
the unstable manifold, and a crisis to large amplitude
chaos occurs. That is, since the attractor is a subset
of the unstable manifold, the attractor itself explodes
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Fig. 12. Small amplitude chaotic attractor in large black dots
just before the bifurcation to a large amplitude attractor. The star
represents the period one saddle and the small black dots represent
its stable manifold. The parameters are Amod = 0.1, Apert = 0.05,
and φ = 2.28.

in phase space upon intersection with the stable manifold sheet, creating the large amplitude attractor.
The stable and unstable manifolds in the phase
space can be approximated by the box-algorithm
described in [34]. Briefly, the algorithm works as
follows: Pick a region of interest interior to a box,
B, containing the unstable saddle with part of its stable and unstable manifolds. (If the box also contains
periodic points which are attractors, then we put a
small neighborhood about these points, and the box
is a punctured set.) Inside that box we randomly pick
a large number of initial conditions and record which
of these initial conditions will generate trajectories
remaining in the box for a large number of iterations.
In addition we monitor a small neighborhood of any
attracting orbits contained in B, and eliminate any
points converging to this attractor, since these points
will not represent the manifolds we approximate. The
initial conditions remaining in the punctured box approximate the union of the stable manifolds, while
the last point which remains in the box approximates
the unstable manifolds. This algorithm was used to
generate the stable manifolds in Fig. 12.
In summary for the example of Amod = 0.1 and
Apert = 0.05, when there exists a periodic attractor, it
is connected to a minimal period one branch. These
attracting branches are born through a saddle node
pair, typically embedded in a large amplitude chaotic
attractor for some φ. It is the manifold of the saddle
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branches which destroys and creates the regions of
large amplitude chaos, and therefore, acts as the controlling mechanism for the sustaining of chaos in a region in which the primary frequency has only periodic
behavior.

5. Conclusions
We have presented an open-loop control procedure
to induce and control chaos in periodically driven
systems. The method is based on driving the system
with a 1:2 resonance modulation and varying the amplitude and the phase of the drive in this modulation.
Open-loop control can either sustain chaos or stabilize regular periodic orbits, and is achieved through
global manifold control through the creation of a
saddle-node bifurcation.
We have applied the procedure to a periodically
driven CO2 laser and we have experimentally sustained or controlled chaos depending on the value of
the relative phase between perturbation and modulation. Based on the choice of control parameters, the
regions over which either regular periodic behavior
or chaos may be sustained can be quite large, as seen
in Fig. 10.
In order to verify our experimental measurements,
we applied the method to a well tested 5-equation CO2
laser model; the numerical results match the experimental results with good agreement. We have reduced
this model to a lower dimensional model in order to
visualize the manifolds which are connected to an
unstable periodic saddle created by the subharmonic
term.
We would like to acknowledge the fact that although
there exist a number of papers on multi-frequency
driving and bifurcation, most of them are driven planar models, and those that have any global bifurcation
results are based on a Melnikov method, which is useful in mechanics. In our results, we have considered a
model which has been reduced to a three-dimensional
multi-frequency system, and captures much of the
experimentally observed dynamics over a wide range
of parameters. The primary controlling mechanism is
the interaction of a two-dimensional stable manifold

with a one-dimensional unstable manifold. The stable
manifold consists of two-dimensional sheets which
possess a fractal-like structure. As the control parameters are adjusted, the stable and unstable manifolds
cross and uncross transversally, yielding the sustained
chaos or regular periodic behavior which is observed
in both numerical and experimental dynamics. One
of the interesting facets of the use of multi-frequency
control is that it may also be applied to discrete systems as well as continuous flows. In Appendix A we
have shown that one may drive a map in much the
same way as we have done in the experiment. Specifically, we have applied our procedure to the logistic
map; we established chaos control in some range of
ϕ value and sustaining chaos in some other one. Because the sustaining chaos and control procedure is
effective also in this case, we can affirm its generality
to both continuous and discrete dynamical systems.
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Appendix A. Sustaining chaos in the logistic map
The logistic map is described by the difference
equation:
xn+1 = Axn (1 − xn ),

(A.1)

where xn ∈ [0, 1] if A ∈ (0, 4). The Lyapunov exponent λ of the map, can be evaluated as follows:
n−1

1
ln |A(1 − 2xi )|,
n→∞ n

λ = lim

i=0

where in our calculation n = 1500.

(A.2)
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Fig. 13. Bifurcation diagrams for the logistic map for A ∈ [3.8, 3.87]. Left: unperturbed; right: b0 = 0.002, ϕ = 0. In the perturbed case
we note the partial destruction of the periodic window around A = 3.84 (sustaining chaos) and the new periodic window near A = 3.86.

We extend our chaos sustaining procedure to
Eq. (A.1) as follow:
 n


A = A0 1 + b0 cos 2π
+ϕ
,
(A.3)
2
where b0 = 0.002 is the perturbation amplitude and ϕ
is an arbitrary phase. In Fig. 13, we report a magnification of the bifurcation diagram in the neighborhood of
the largest periodic window (around A = 3.84) inside

the chaotic window. In Fig. 13a, we show the unperturbed case, in Fig. 13c the perturbed one. In Fig. 13b
and d, we report the Lyapunov exponent. We note that
the procedure maintains chaos in a large region of ϕ
values, by narrowing the periodic window. Moreover,
it is also able to control chaos: in fact we note a narrow periodic window around A = 3.86, not present in
the unperturbed diagram. In our calculation we used

Fig. 14. (a) Bifurcation diagram xn as a function of ϕ for the logistic map at A = 3.84 and (b) the related Lyapunov exponent. Not all ϕ
values are effective in sustaining chaos: the phase must be properly chosen.
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600 different values for A, with 1500 iterated for each
A, recording the last 200 to avoid transients.
We also build a bifurcation diagram by fixing the
modulation amplitude at A0 = 3.84 and varying the
phase. We have varied the phase from 0 to π/4 (for
A values greater than π/4 the diagram repeats itself
symmetrically with respect to A = π/4); this bifurcation diagram can be seen in Fig. 14. It is clear from
this figure that there are some ϕ values for which the
perturbation is effective, but there are some other one
for which the behavior is again periodic. This result
confirm the relevance of the relative phase term ϕ in
the procedure. Because our method is effective also
on the logistic map, the technique can be extended to
discrete dynamical systems.
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